We associate to every action of a Polish group on a standard probability space a Polish group that we call the orbit full group. For discrete groups, we recover the wellknown full groups of pmp equivalence relations equipped with the uniform topology. However, there are many new examples, such as orbit full groups associated to measure preserving actions of locally compact groups. In fact, we show that such full groups are complete invariants of orbit equivalence.
Introduction
One of the main problems in ergodic theory is to understand measure preserving actions of a countable group Γ on the standard probability space (X, µ) up to conjugacy. This problem turns out to be very complicated in many different ways, even for Γ = Z. In this case, we are trying to understand the conjugacy classes of the group of automorphisms of the standard probability space, Aut(X, µ).
The notion of orbit equivalence is much coarser than conjugacy. Two actions of countable groups Γ and Λ on the standard probability space (X, µ) are orbit equivalent if there exists S ∈ Aut(X, µ) such that for almost every x ∈ X, we have S(Γ · x) = Λ · S(x). In other words, the orbit equivalence only keeps track of the partition of the space into orbits induced by Γ and Λ and not of the actions themselves. A remarkable example is the following result of Ornstein and Weiss: any two measure-preserving ergodic actions of any two amenable groups are orbit equivalent [OW80] .
Orbit equivalence may be reformulated as follows. To any action of a countable group Γ on the standard probability space (X, µ), we can associate the equivalence relation R Γ on X defined by (x, y) ∈ R Γ if there exists γ ∈ Γ such that γx = y. Then two actions are orbit equivalent if and only if their equivalence relations are isomorphic up to measure zero. The equivalence relations arising in this way are called countable pmp (probability measure preserving) equivalence relations. They have geometric and cohomogical interpretations as well as fruitful relations with von Neumann algebras. We refer the interested reader to the survey of Gaboriau [Gab10] .
Another way of formulating orbit equivalence is due to Dye. Suppose that Γ acts on the standard probability space (X, µ). We define the full group induced by the Γ-action, to be the set of all T ∈ Aut(X, µ) such that for almost every x ∈ X, we have T (x) ∈ Γ · x. This group still encodes orbit equivalence in the following sense: two actions are orbit equivalent if and only if their full groups are conjugate in Aut(X, µ). Moreover a theorem of Dye (see Theorem 3.27 ) implies that full groups are complete invariants of orbit equivalence, meaning that two actions are orbit equivalent if and only if their full groups are abstractly isomorphic.
As a consequence, one should be able to understand all the invariants of orbit equivalence in terms of full groups. This works well for ergodicity: an action is ergodic if and only if the associated full group is a simple group.
In order to understand finer orbit equivalence invariants in terms of properties of the full group, it is better to introduce a Polish group topology on them. This topology is called the uniform topology, and it is induced by the uniform metric d u defined on Aut(X, µ) by d u (T, S) := µ ({x ∈ X : T x = Sx}) .
For example, Giordano and Pestov proved in [GP07] that if Γ acts freely on (X, µ) then it is amenable if and only if its full group is extremely amenable for the uniform topology. Another example is given by the topological rank. The topological rank of a topological group is the minimal number of elements needed to generate a dense subgroup. It was shown by the second named author that the topological rank of a full group can be expressed in terms of a fundamental invariant of orbit equivalence: the cost [LM14a] .
In this work we generalize the notion of full groups to actions of arbitrary Polish groups. Given a measure-preserving action of the Polish group G on the standard probability space (X, µ), we define the orbit full group of the action exactly as before: it is the set of T ∈ Aut(X, µ) such that for almost every x ∈ X, we have T (x) ∈ G · x. We will denote this full group by [R G ] to remember that it is the full group of the equivalence relation induced by the G-action. We should warn the reader that our definition needs a concrete action of G on X, and not just a morphism G → Aut(X, µ).
As we said before, in order to understand deeper orbit full groups, we have to introduce a Polish topology on them. All the orbit full groups are closed for the uniform topology, but they are separable if and only if they arise as full groups of countable pmp equivalence relations. This does not rule out the existence of a Polish topology on them, for instance a compact group acting on itself by translation generates the transitive equivalence relation, so the associated orbit full group is Aut(X, µ), which is a Polish group for the weak topology.
The aim of this work is to define a Polish group topology on all orbit full groups. We call it the topology of convergence in measure. It is not in general the restriction of a topology on Aut(X, µ). When the action of G on X is free, one can define this topology as follows. We associate to an element T ∈ [R G ] the function f : X → G uniquely defined by T (x) = f (x) · x. Doing so, we embed [R G ] in the space of measurable functions from X to G, and our Polish topology is really the topology induced by the topology of convergence in measure.
Theorem 1 (Thm. 3.17 and Thm. 4.7). Let G be a Polish group acting in a measurepreserving Borel manner on a standard probability space (X, µ). Then the associated orbit full group
[R G ] = {T ∈ Aut(X, µ) : ∀x ∈ X, T (x) ∈ G · x} is a Polish group for the topology of convergence in measure. Moreover, if the G-action is ergodic, then [R G ] has a unique Polish group topology, and if the G-action is free, then G embeds into [R G ].
The topologies we get with this theorem are not always the uniform or the weak topology. Indeed, any Polish locally compact group G admits a free ergodic measurepreserving action, see for example Proposition 1.2 of [AEG94] . If the group G is not countable, then the topology of convergence in measure on [R G ] cannot be the uniform topology, because G ⊂ Aut(X, µ) is discrete for the uniform topology. Moreover if G is not compact, then we show in Corollary 3.24 that [R G ] = Aut(X, µ), so this topology is not the weak topology either, by Corollary 3.13.
Dye in [Dye59] gave an abstract definition of full groups: a subgroup G Aut(X, µ) is full if for every countable Γ G, the full group generated by Γ is still a subgroup of G. Clearly the orbit full groups we have defined are full groups in the sense of Dye's definition.
We do not know how exactly which full groups have a Polish group topology. Nevertheless, we show that if an ergodic full group admits a Polish topology, then such topology is unique, refines the weak topology and is weaker than the uniform topology (Theorem 4.7). It follows that if an ergodic full group admits a Polish topology, then it is a Borel subset of Aut(X, µ) (Corollary 4.8). This allows us to give examples of full groups which cannot carry a Polish group topology (Corollary 4.18). Note that such a phenomenon is actually common in the topological setting, as was recently shown by Ibarlucias and Melleray [IM13] .
One of the main interests of full groups induced by actions of countable groups is that they are complete invariants of orbit equivalence. For Polish group actions, the notion of orbit equivalence is slightly more complicated. Two actions of two Polish groups G and H on the standard probability space (X, µ) are orbit equivalent if there exists a full measure subset A ⊆ X and a measure preserving bijection S : A → A such that for all x ∈ A,
It is clear from this definition that if two actions are orbit equivalent, then their orbit full groups are conjugate in Aut(X, µ). The converse is however more complicated. Suppose that two ergodic orbit full groups are isomorphic. Dye's Reconstruction Theorem (see Theorem 3.27) still holds, so the isomorphism is the conjugation by some S ∈ Aut(X, µ). When both acting groups are locally compact, we show that S induces an orbit equivalence. So orbit full groups are complete invariants of orbit equivalence for actions of locally compact groups (Theorem 3.26).
The orbit full groups that we have defined arise as intermediate examples between full groups of countable pmp equivalence relations and Aut(X, µ), so they should share the topological properties which are satisfied by both. One of the simplest of such properties is contractibility, and indeed it is not hard to see that orbit full groups are contractible using the same the same approach of Keane for Aut(X, µ) in [Kea70] (see Corollary 4.3).
However Aut(X, µ) and full groups of countable pmp equivalence relations have many opposite properties. For example, any aperiodic 1 element has a dense conjugacy class in Aut(X, µ), while in the full group of a countable pmp equivalence relation, the identity cannot be approximated by aperiodic elements. We now characterize when a group action induces an orbit full group for which the aperiodic elements have a dense conjugacy class.
Theorem 2 (Thm. 4.4). Let G be an orbit full group. Then the following are equivalent:
(i) the set of aperiodic elements is dense in G;
(ii) the conjugacy class of any aperiodic element of G is dense in G;
(iii) whenever Γ (X, µ) is a free measure-preserving action of a countable discrete group Γ; there is a dense G δ in G of elements inducing a free action of Γ * Z;
(iv) for all neighborhood of the identity U in G, the set of x ∈ X such that U · x = {x} has full measure.
Note that condition (iii) is inspired by results that Törnquist obtained for G = Aut(X, µ) [Tör06] . Using condition (iv), we get a nice dichotomy for measure-preserving ergodic actions of locally compact groups: either they generate a countable pmp equivalence relation, or all the above conditions are satisfied (see Corollary 4.5).
In the last section we classify character representations of ergodic orbit full groups. Before stating the theorem, let us give some background.
Every unitary representation of a group G splits as direct sum of cyclic representations. These representations are encoded by the positive type functions, that are the functions f : G → C such that for all finite tuple (g 1 , ..., g n ) of elements of G, the matrix (f (g i g −1 j )) i,j=1,...,n is positive semi-definite. A positive type function χ : G → C is a character if it satisfies the following conditions:
1 T ∈ Aut(X, µ) is aperiodic if all its orbits are infinite.
• it is conjugacy-invariant: for all g, h ∈ G, we have χ(g −1 hg) = χ(h) and
• it is normalized: χ(1 G ) = 1.
A character representation is a unitary representation of G which splits as a direct sum of cyclic representations whose corresponding positive definite functions are characters. Character representations are actually the representations into the unitary groups of finite von Neumann algebras, see [DM13, Sec. 2.3] for more details. Every discrete group Γ has a faithful character representation, namely the regular representation. It is associated to the regular character χ r defined by χ r (γ) = 0 if γ = 1 Γ and χ r (1 Γ ) = 1. The set of characters of Γ is convex and compact for the pointwise topology. Moreover, it is a Choquet simplex, meaning that every character can be written in a unique way as an integral of extremal characters. The problem of classifying extremal characters has a long history, starting with the work of Thoma who classified extremal characters of the group of permutations of the integers with finite support [Tho64] . Since then, many examples were studied, see for instance [PT13] and references therein.
The set of continuous characters of a locally compact group is again a Choquet simplex, but locally compact groups do not necessarily have a faithful character representation. For Polish groups, the situation is more complicated. The set of continuous characters may cease to form a Choquet simplex. For example, the abelian group of measurable maps into the circle G = L 0 (X, µ, S 1 ) has no continuous extremal characters, although it has continuous characters (see [BdlHV08, Ex. C.5.10]). However, if the Polish group G contains a countable dense subgroup Γ which has only countably many extremal characters, then the continuous extremal characters of G are given by the extremal characters of Γ which extend continuously to G. It is then easy to see that the continuous characters of G form a Choquet subsimplex of the characters of Γ. This remark has been crucial for the understanding of continuous characters of several Polish groups. In particular, it was used by Dudko to give a complete description of the characters of the full group of the hyperfinite ergodic equivalence relation [Dud11] . We extend his result and classify all the characters of an arbitrary ergodic orbit full group which are continuous for the uniform topology.
Theorem 3 (Thm. 5.1). Let G be an ergodic orbit full group. Then we have the following dichotomy:
1. Either G is the full group of a countable pmp equivalence relation, and then all its continuous characters are (possibly infinite) convex combinations of the characters χ k given by χ k (g) := µ({x ∈ X : g · x = x}) k for k ∈ N and the constant character χ 0 ≡ 1.
2. or G does not have any nontrivial continuous character representation. 
Preliminaries

Polish spaces
Polish groups
A topological group whose topology is Polish is called a Polish group. Polish groups have several good properties which we now list, for proofs see Section 1.2 of [BK96] . Properties 2.3.
(α) Let G be a Polish group, and let H be a subgroup of G. Then H is Polish for the induced topology if and only if H is closed in G.
(β) Let G be a Polish group, and let H ⊳ G be a closed normal subgroup. Then G/H is a Polish group for the quotient topology.
(γ) Let ϕ : G → H be an analytic homomorphism between two Polish groups G and H. Then ϕ is continuous. If moreover ϕ is surjective, then ϕ induces a topological isomorphism between G/Ker (ϕ) and H.
Let us end this section by citing a deep result of Becker and Kechris, which will be crucial in the proof of our main theorem.
Theorem 2.4 ([BK93]
). Let a Polish group G act in a Borel manner on a standard Borel space X. Then there exists a Polish topology τ on X inducing its Borel structure such that the action of G on (X, τ ) is continuous.
The Polish group Aut(X, µ)
A standard probability space is a standard Borel space equipped with a non atomic probability measure. All standard probability spaces are isomorphic (see [Kec95, Thm. 17 .41]). The measure algebra of the standard probability space (X, µ) is the σ-algebra of measurable subsets of X, where two such subsets are identified if their symmetric difference has measure zero. We will denote the measure algebra with MAlg(X, µ) and recall that it is a Polish space when equipped with the topology induced by the complete
Definition 2.5. Let (X, µ) be a standard probability space. The group Aut(X, µ) of measure-preserving Borel bijections of (X, µ), identified up to measure zero, carries two natural metrizable topologies :
• the weak topology, for which a sequence (T n ) n converges to T if for every measurable subset A ⊂ X, we have µ(T n (A)∆T (A)) → 0.
• the uniform topology, induced by the uniform metric d u defined by
Proposition 2.6 ([Hal60]
). The group Aut(X, µ) is a Polish group with respect to the weak topology, and the uniform metric d u is complete.
Spaces of measurable maps
Definition 2.7. Let (X, µ) be a standard probability space, and let (Y, τ ) be a Polish space. We denote by L 0 (X, µ, (Y, τ )) the space of Lebesgue-measurable maps from X to Y , identified up to measure 0. Any compatible bounded metric
The topology induced byd is called the topology of convergence in measure.
This topology only depends on the topology of Y by the following proposition.
Then the following are equivalent:
Remark. In a topological space, a sequence converges to a point if and only if all its subsequences have a subsequence converging to this point, so item (c) of the previous proposition implies that the topology of convergence in measure is the coarsest metrizable topology τ for which f n → f a.s. implies that f n → f with respect to τ .
The topology of convergence in measure on L 0 (X, µ, Y ) is a Polish topology. A dense countable subset is constructed as follows. Fix a dense countable subset D ⊂ Y and a dense countable subalgebra A of MAlg(X, µ). Then, the family of A-measurable functions from X to D that take only finitely many values is dense in L 0 (X, µ, Y ). When Y = G is a Polish group, we equip L 0 (X, µ, G) with the group structure given by the pointwise product, that is for f, g ∈ L 0 (X, µ, G) we put
Proposition 2.9. The Polish space L 0 (X, µ, G) is a Polish group for the topology of convergence in measure and the pointwise product.
Note that this is an action by isometries. Moreover, when Y = X, we may view Aut(X, µ) as a subset of L 0 (X, µ, (X, τ )) identifying a transformation T with the function f T (x) = T (x), which corresponds to identifying Aut(X, µ) with the orbit of
Proposition 2.10. Let (X, µ) be a standard probability space equipped with a compatible Polish topology τ X , and let (Y, τ Y ) be a Polish space.
(
Moreover we can suppose that f has finite range, because the set of such functions is dense. For such a function f , we can consider the finite partition of the space given by {f −1 (a)} a∈f (X) and by definition of weak convergence
(2). Since Aut(X, µ) can be identified with the orbit of id X in L 0 (X, µ, X), (1) implies that the inclusion is continuous.
To see that it is an embedding, we first note that since Aut(X, µ) acts by homeomorphisms on L 0 (X, µ, τ ), a sequence (T n ) n converges to T in measure if and only if
So it is enough to show that every weak neighborhood of the identity contains a neighborhood of the identity for the topology of convergence in measure.
Given r > 0 and a subset A of X, we let (A) r := {y ∈ X : ∃x ∈ A, d(x, y) < r} be its r-neighborhood. Since the measure µ is regular, a pre-basis of neighborhoods of the identity for the weak topology on Aut(X, µ) is given by the sets
where F is closed and ε is positive. So fix such a closed set F and ε > 0. Since F is closed, we have that
We conclude that T ∈ V F,3ǫ , and so the topology of convergence in measure refines the weak topology, which ends the proof.
Combining the above proposition and Proposition 2.1, we deduce that
However, it is not closed, and one can actually show that its closure consists in the monoid of all measure preserving maps (X, µ) → (X, µ).
Full groups
Definition and fundamental facts
Let us start by recalling the original definition of full groups introduced by Dye in his pioneering work [Dye59] , which is the starting point of our paper.
Definition 3.1. Let (T n ) n∈N be a sequence of elements of Aut(X, µ). We say that T ∈ Aut(X, µ) is obtained by cutting and pasting the sequence (T n ) n if there exists a partition (A n ) n∈N of X such that for every n ∈ N,
We will also say that T is obtained by cutting and pasting (T n ) n∈N along (A n ) n∈N .
Definition 3.2 (Dye)
. A subgroup G of Aut(X, µ) is a full group if it is stable under cutting and pasting any sequence of elements of G.
Before defining the main examples of full groups, let us point out a fundamental fact. Definition 3.4. Suppose R is an equivalence relation on a standard probability space (X, µ). The full group of the equivalence relation R, denoted by [R] , is the set of all T ∈ Aut(X, µ) such that for all x ∈ X, (x, T (x)) ∈ R.
Remark. In the previous definition, we require that (x, T (x)) ∈ R for all x ∈ X, but up to modifying T on a measure zero set we could as well ask that this holds for almost all x ∈ X. Indeed, if T satisfies the latter condition, let A be the full measure set of x ∈ X such that (x, T (x)) ∈ R. Then A contains the full measure T -invariant set B := n∈Z T n (A) and T coincides up to measure zero with the bijection T ′ defined by
It is then clear that for all x ∈ X, we have (x, T ′ (x)) ∈ R.
A special and important case of the previous definition is when the equivalence relation is given by the action of a group. Definition 3.5. Let G be a Polish group acting in a Borel manner 2 on a standard probability space (X, µ). The associated orbit full group is the set of all
In other words, it is the full group of the orbit equivalence relation R G defined by (x, y) ∈ R G whenever ∃g ∈ G : g · x = y, and we will accordingly denote it by [R G ].
We want to stress that the previous definition makes sense only for spatial G-actions: we need a genuine G-action on X in order to define [R G ], and not just a morphism G → Aut(X, µ). The orbit full group should not be confused with the following one. Definition 3.6. Let G be a subgroup of Aut(X, µ). There exists a smallest full group containing G, whose elements are obtained by cutting and pasting elements of G. This is the full group generated by G, denoted by
If G acts faithfully on (X, µ) and preserves the probability measure µ, then we have an injective map G ֒→ Aut(X, µ) and we clearly have
The inclusion is in general strict, as shown in Example 3.9 and Example 3.14.
Let us now give some concrete examples. We start with full groups of countable measure preserving equivalence relations, which are exactly the countably generated full groups.
Example 3.7. Suppose Γ is a countable group acting on the standard probability space (X, µ) by measure preserving automorphisms . Then one can easily check that the two full groups defined above coincide:
) and hence it is Polish with respect to the uniform topology by Proposition 3.3 (this follows also from the proof of Theorem 3.17).
As a matter of fact, the full groups given by the previous example are the only full groups that are Polish for the uniform topology. Proposition 3.8. A full group G < Aut(X, µ) is Polish with respect to the uniform topology if and only if it is the full group of a countable probability measure preserving equivalence relation.
Proof. If G Aut(X, µ) is a full group separable for the uniform topology, we can choose a dense countable subgroup Λ ⊂ G so that [Λ] is a closed subgroup of G that contains Λ, hence it has to be equal to G. On the other hand, any countable pmp equivalence relation comes from the action of a countable group by a result of Feldman and Moore [FM77] , hence it is Polish for the uniform topology.
Example 3.9. Let G be an infinite compact group and denote its Haar measure by µ. The action of G on itself by left translation generates the transitive equivalence relation on G, so its orbit full group is by definition [R G ] = Aut(G, µ). In particular, it is Polish for the weak topology.
We remark now that the full group [G] D generated by G may be strictly smaller than [R G ]. Indeed, let us consider the circle group G = S 1 acting on itself by translation, and suppose that the map T : g → g −1 was obtained by cutting and pasting the translations by some g i along A i . Fix an index i and h, h
We say that a subgroup G of Aut(X, µ) is ergodic if for every A ⊂ X such that µ(A∆gA) = 0 for every g ∈ G, we have that A has either measure zero or full measure. This is equivalent to say that the only G-invariant elements of MAlg(X, µ) are X and ∅. Note that G is ergodic if and only if [G] D is. Ergodic full groups have the following very useful property. Proposition 3.10. Let G be an ergodic full group and let A, B ∈ MAlg(X, µ) such that µ(A) = µ(B). Then there exists an involution T ∈ G such that T (A) = B.
This proposition was used used by Fathi to show the following result (see [Fat78] ; he proves this for Aut(X, µ), but the same argument works for any ergodic full group). The following result is a consequence of Property 2.3 (α) and the above proposition.
Corollary 3.13. The group Aut(X, µ) is the unique ergodic full group that is Polish for the weak topology.
The previous corollary may be extended to the non ergodic case (see [LM14b, Prop. 1.17 and Thm. D.6]), which yields a complete description of the full groups which are Polish for the weak topology.
Let us now give a pathological example. 
Orbit full groups have a Polish group topology
So far, the examples of Polish full groups that we have seen are full groups of countable pmp equivalence relations, which are exactly the full groups for which the uniform topology is Polish by Proposition 3.8, and Aut(X, µ), which is the unique ergodic Polish full group for the weak topology by Corollary 3.13. Note that both are instances of orbit full groups. Our main result is that all orbit full groups carry a natural Polish group topology.
Before defining this topology, we need a better description of orbit full groups. So we start with a Polish group G acting in a Borel manner on a standard probability space (X, µ).
Consider the Polish space L 0 (X, µ, G) endowed with the topology of convergence in measure, and define Φ :
In what follows, we will always see the group Aut(X, µ) as a subspace of L 0 (X, µ, X). Put
Lemma 3.15. We have the equality
follows directly from the definition. For the reverse inclusion, take T ∈ [R G ] and consider the Borel set
By the Jankov-von Neumann Uniformisation Theorem (see [Kec95, Thm. 18 .1]), we can find an analytic uniformisation of A, i.e. an analytic, hence Lebesgue-measurable, map f : X → G such that for every x ∈ X, we have T (x) = f (x)x. In other words, we can find
Definition 3.16. The topology of convergence in measure on an orbit full group
where we put on L 0 (X, µ, G) the topology of convergence in measure (see Section 2.4).
We say that the action of G is essentially free if there exists a full measure G-invariant subset A of X such that for every g ∈ G \ {1 G } and every x ∈ A, gx = x. Note that this is stronger than asking that all elements of G \ {1 G } have a set of fixed points of measure zero, even when G is locally compact.
Whenever the G action is essentially free, Φ :
is a bijection and the topology on the orbit full group is just the topology induced by the topology of convergence in measure on L 0 (X, µ, G). We will give later a more precise description of the topology of convergence in measure on [R G ] when the action is non free (see Corollary 3.20).
Theorem 3.17. Let G be a Polish group acting in a Borel manner on a standard probability space (X, µ). Then the associated orbit full group
is a Polish group for the topology of convergence in measure. This topology is weaker than the uniform topology and refines the weak topology.
Moreover if the G-action is essentially free and measure preserving, then G embeds
Proof. We start by showing that the topology of convergence in measure on [R G ] is a Polish group topology.
By Theorem 2.4, we may and do fix a Polish topology τ on X such that G (X, τ ) is a continuous action. Now, the characterization of the convergence in measure in terms of pointwise converging subsequences (cf. (c) in Proposition 2.8) yields that Φ is continuous. Then, combining Proposition 2.10 and Proposition 2.1, we get that , µ) ) is also a G δ . Therefore using again Proposition 2.1 we see that [R G ] is Polish. We now equip [R G ] with the group operation * defined by
The inverse is given by 
is itself a Polish group for the quotient topology by Property 2.3 (β).
Remark. The Polish group [R G ] can be thought of as the full group of the groupoid associated to the action.
Let us now check the that the topology of convergence in measure is intermediate between the uniform and the weak topology. Since Φ is continuous, clearly we have that the topology on the orbit full group refines the weak topology, which also yields that [R G ] is a Borel subgroup of Aut(X, µ) by Theorem 2.2.
If the action of G is essentially free, then Φ(f n ) → id X uniformly implies that µ(f −1 n (1 G )) → 1 and hence the topology of convergence in measure is weaker than the uniform topology. The proof for non-free actions follows the same lines, but it will be an even more direct consequence of the description of the quotient topology that we will give in Proposition 3.19.
Finally, when the G-action is essentially free, Φ restricts to a topological isomorphism between [R G ] and [R G ]. The "moreover" part of the theorem then follows from the fact that G embeds into [R G ] ⊆ L 0 (X, µ, G) by identifying G with the set of constant maps.
Remark. We point out that whenever the orbit full group is ergodic, the topology we have defined is the unique possible Polish group topology, as we will show in Theorem 4.7.
Topology for non-free actions
Let G be a Polish group acting on (X, µ) as in Theorem 4.7.
Recall that every Polish group admits a compatible right-invariant metric (see for instance [Gao09, Thm. 2.1.1]). The proof of the following proposition can be found in [Gao09, Lem. 2.2.8].
Proposition 3.18. Let G be a Polish group, and let d G be a compatible right-invariant metric on G. Suppose that H G is a closed subgroup, then the quotient metric d G/H on G/H defined by, for gH,
induces the quotient topology on G/H.
Then G x is a closed subgroup of G by a result of Miller (see [Kec95, Thm. 9 .17]; this also follows from Theorem 2.4). We now prove an analogous statement of the previous proposition for orbit full groups. Proposition 3.19. Let G be a Polish group acting in a Borel manner on a standard probability space (X, µ). Let d G be a compatible bounded right-invariant metric on G.
where for all x ∈ X, we identify the G-orbit of x to the homogenous space G/G x , equipped with the quotient metric
Before proving the proposition, we state the following corollary. Its proof is analogous to the proof of Proposition 2.8, hence we omit it.
Corollary 3.20. Let (T n ) be a sequence of elements of an orbit full group [R G ], and let T ∈ [R G ]. Then the following are equivalent:
(c) every subsequence of (T n ) n∈N admits a subsequence (T n k ) k∈N such that for almost all
x ∈ X we have T n k (x) → T (x), where the convergence holds in the orbit of x, identified to the homogeneous space G/G x .
Proof of Proposition 3.19. Let K be the subgroup of L 0 (X, µ, G) consisting of all f : X → G such that for all x ∈ X, f (x) ∈ G x . It is clear that K is the kernel of the restriction of 
In order to establish the proposition, we need to show that
Note that the integral is well-defined because the function (x, g, g
For every ǫ > 0, we apply the Jankov-von Neumann Uniformisation Theorem (see [Kec95, Thm. 18 .1]) to the set
and we get a function k ∈ K such that for all x ∈ X,
This implies that ρ(g, g ′ )
The reverse inequality is a direct consequence of the fact that for all k ∈ K and all x ∈ X,
Full groups of measurable equivalence relations
In this section, we study full groups of measurable equivalence relations, which will lead us to a simple criterion for distinguishing the orbit full groups of the previous section from Aut(X, µ) (see Corollary 3.24).
Proposition 3.21. Let (X, µ) be a standard probability space, and A be a Borel subset of X × X. Then the set
is a Borel subset of Aut(X, µ).
Proof. We may suppose that (X, d) is a Cantor set. By Proposition 2.10, the weak topology on Aut(X, µ) is the same as the topology of convergence in measure induced by L 0 (X, µ, (X, d) ). We will show that given a Borel subset A of X × X, the function
is Borel. Let F be the class of subsets of X × X for which Φ A is Borel. Because X × X is again a Cantor set, we only need to show that F is a σ-algebra containing the clopen sets. So suppose that A is a clopen subset of X × X. We will actually show that Φ A is continuous.
Fix f ∈ L 0 (X, µ, (X, d)) and ε > 0. Since A and X 2 \ A are open, there exists δ > 0 smaller than ε/2 and a set B of measure less than ε/2 such that for all x ∈ X \ B and y ∈ X such that d(y, f (x)) δ, we have
It is then clear that for every g in the open neighborhood U of f given by
So the class F contains the clopen sets, and we now have to show that it is a σ-algebra. First, F is stable under complementation, since given T ∈ Aut(X, µ), we have that
and since taking a countable union is a Borel operation on MAlg(X, µ), we get that n∈N A n belongs to F . Corollary 3.22. Let R be a Borel equivalence relation on a standard probability space (X, µ). Then its full group
is a Borel group for the Borel structure induced by the weak topology on Aut(X, µ).
In the previous section, we saw that the orbit full group of a Borel action of Polish group is also Borel. Note however that there are actions of Polish groups inducing analytic, non Borel equivalence relations, so there are non Borel analytic equivalence relations whose full group is Borel. Using Theorem 4.15, one can show that there also are analytic equivalence relations whose full group is not Borel.
Let us now give a general criterion which allows us to distinguish full groups of measurable equivalence relations and Aut(X, µ). Proposition 3.23. Let R be a Lebesgue-measurable equivalence relation on a standard probability space. Then the following are equivalent:
(ii) R has full measure in X × X, (iii) R has an equivalence class of full measure.
Proof. Both implications (iii) ⇒ (i) and (iii) ⇒ (ii) are obvious.
The implication (ii) ⇒ (iii) is also easy: suppose that R has full measure, then by Fubini's Theorem for almost all x ∈ X, the R-equivalence class of x has full measure, so that in particular there is one equivalence class of full measure.
For the remaining implication (i) ⇒ (iii), assume that [R] = Aut(X, µ). We may suppose that X is a compact group equipped with the Haar measure. By assumption, for all z ∈ X the left multiplication by z is in the full group [R], which means that for all z ∈ X and almost x ∈ X, (zx, x) ∈ R. Again by Fubini's theorem, we deduce that there exists x ∈ X such that for almost all z ∈ X, (zx, x) ∈ R, hence (iii) holds.
Remark. By the same arguments used in the previous proof, one can show that the full group generate by the circle group acting on itself by left translation [S 1 ] D cannot be the full group of any Lebesgue-measurable equivalence relation. Indeed, such an equivalence relation would have to be transitive by the previous proof, so that [S 1 ] D would be equal to Aut(X, µ), contradicting Example 3.9. Remark. If we moreover assume that G is uncountable, [R G ] cannot be the full group of a countable pmp equivalence relation, because G [R G ] is discrete for the uniform topology whenever the action is essentially free. So Theorem 3.17 yields a large class of new examples of Polish full groups whose Polish topology is neither the weak nor the uniform topology.
Orbit equivalence and full groups
Let R and R ′ be two equivalence relations on a standard probability spaces (X, µ). We say that R and R ′ are orbit equivalent if there exist a full measure subset A ⊆ X and a Borel measure preserving bijection S : A → A such that for all (x, y) ∈ A 2 , (x, y) ∈ R if and only if (S(x), S(y)) ∈ R ′ . We also say that such an S is an orbit equivalence between R and R ′ . It is easy to see that if S is an orbit equivalence, then it conjugates the full groups [R] and [R ′ ], that is, we have the relation
In the case of orbit full groups, one can say a bit more.
Lemma 3.25. Let G and H be two Polish groups acting in a Borel manner on (X, µ). Let S ∈ Aut(X, µ) is an orbit equivalence between R G and R H . Then the conjugation by S is a group homeomorphism between the orbit full groups 
(γ).
A fancier restatement of the previous lemma is that orbit full groups, seen as topological groups, are invariants of orbit equivalence. Now, we show that for ergodic measure preserving actions of locally compact groups, the orbit full groups are complete invariants.
Theorem 3.26. Let G and H be two Polish locally compact groups acting in a Borel measure preserving ergodic manner on a standard probability space (X, µ). Suppose that
is an abstract group isomorphism. Then there exists an orbit equivalence S between R G and R H such that for all T ∈ [R G ],
Dye's Reconstruction Theorem plays a fundamental role in our proof. . Suppose G 1 and G 2 are two ergodic full groups on a standard probability space (X, µ). Then for every abstract group isomorphism ψ :
The theorem also uses the following proposition, whose proof is inspired by Proposition B.2 of [Zim84] .
Proposition 3.28. Let G and H be two Polish locally compact groups acting in a Borel measure preserving manner on a standard probability space (X, µ), and suppose that
Then there exists a full measure set X 0 ⊆ X such that
Proof. Let ν be the Haar measure on G. The fact that [R G ] ⊆ [R H ] implies that for all g ∈ G and almost all x ∈ X, we have gx ∈ Hx. By Fubini's Theorem, this implies that the set X 0 := {x ∈ X : for ν-almost all g ∈ G, we have gx ∈ Hx} has full measure. Now let x ∈ X 0 , and let g 1 ∈ G be such that g 1 x ∈ X 0 . We want to show that g 1 x ∈ Hx. Since x and g 1 x are in X 0 , the sets A := {g ∈ G : gx ∈ Hx} and B := {g ∈ G : gx ∈ Hg 1 x} have full measure and so Ag Proof of Theorem 3.26. By Dye's Reconstruction Theorem, ψ is the conjugation by some S ∈ Aut(X, µ) and by the previous proposition applied two times, such an S has to be an orbit equivalence. 4 Topological properties of full groups
Aperiodic elements and free actions
Now we study some topological properties of orbit full groups. So let us fix a Polish group G acting on a Borel manner on the standard probability space (X, µ). We will denote by G = [R G ] the associated orbit full group. Recall that its Polish topology is weaker than the uniform topology and refines the weak topology.
We will first prove that orbit full groups are contractible as a corollary of the continuity of the first return map.
Definition 4.1. Let T ∈ Aut(X, µ) and A ∈ MAlg(X, µ), Poincaré's Recurrence Theorem states that for almost every x ∈ A there is a smaller n x ∈ N such that T nx (x) ∈ A. The first return map T A is then defined by T A (x) = x for all x ∈ A, and by T A (x) = T nx (x) for all x ∈ A. Proposition 4.2 and Corollary 4.3 are straightforward generalizations of Keane's results for Aut(X, µ) [Kea70] . We will however give a detailed proof to show how the compatible metric on orbit full groups defined in Proposition 3.19 can be used.
Proposition 4.2. Let G be an orbit full group. Then the function which maps (T, A) ∈ G × MAlg(X, µ) to the first return map T A ∈ G is continuous.
Proof. Given T ∈ Aut(X, µ), A ∈ MAlg(X, µ) and n > 0, we let
we put B n (T, A) := C n (T, A)\ m<n C m (T, A) and B 0 (T, A) := X \A. Then (B n (T, A)) n 0 is a partition of X and T A (x) = T n (x) for all x ∈ B n (T, A). Note that B n (T, A) depends continuously on (T, A) ∈ Aut(X, µ) × MAlg(X, µ), where Aut(X, µ) is equipped with the weak topology. Now, let ε > 0, and fix (T ,Ã) ∈ G × MAlg(X, µ). Since (B n (T ,Ã)) n 0 is a partition of X, we may find N > 0 such that µ(X \ m<N B m (T ,Ã)) < ε. Let U be the set of couples (T, A) ∈ G × MAlg(X, µ) such that
we now compute the distance betweenTÃ and T A .
Since the metric d x is bounded by 1, we then get the following inequality:
Corollary 4.3. Orbit full groups are contractible.
Proof. We may suppose that X = [0, 1] and that µ is the Lebesgue measure. The continuous map
is a homotopy between the identity function T → T and the constant function T → id X .
The support of T : X → X, denoted by supp T , is defined by
We now state the main theorem of this section. Note that condition (v) is a generalization of [Tör06, The Category Lemma] to the case of orbit full groups.
Theorem 4.4. Let G be an orbit full group. Then the following are equivalent:
(iii) there exists a sequence (T n ) of aperiodic elements of G such that T n → id X ;
(iv) for all A ∈ MAlg(X, µ), there exists a sequence (T n ) of elements of G such that T n → id X and for all n ∈ N, A = supp T n ; (v) whenever Γ (X, µ) is a free measure-preserving action of a countable discrete group Γ, there is a dense G δ in G of elements inducing a free action of Γ * Z;
(vi) for all n ∈ N, there is a dense G δ of (T 1 , ..., T n ) in G n which induce a free action of F n .
(vii) for all neighborhood of the identity U in G, ∪ g∈U supp g has full measure.
Proof. Let us first prove that (i) implies (ii), using the exact same argument as for Aut(X, µ) (see [Kec10, Thm. 2.4]). By Rokhlin's Lemma, the conjugacy class of any aperiodic element of G is dense in the set of aperiodic elements of G for the uniform topology (see [LM14b, Cor 5 .11] for details). Moreover the topology of G is weaker than the uniform topology, so (i) implies that the conjugacy class of any aperiodic element is dense in G, in other words (i)⇒(ii). Clearly (ii) implies (iii) and the continuity of the first-return map (Proposition 4.2) yields that (iii) implies (iv).
Törnquist proved in [Tör06, The Category Lemma] that (v) holds for G = Aut(X, µ), and the only topological fact he used was precisely (iv) so we can repeat his entire argument to get (iv)⇒(v) (see the observation before the proof of Lemma 2 in [Tör06] ; the fact that P is an involution is not relevant here).
The implication (v)⇒(vi) is proven by induction, and (i) is a reformulation of (vi) for n = 1, so the implication (vi)⇒(i) also holds.
So all the statements from (i) to (vi) are equivalent, and we now only have to prove that (vii) is equivalent to them. For this, we will prove that (iii) implies (vii), and then that (vii) implies (iv).
Let us show that (iii) implies (vii). Assuming that (vii) is not satisfied, we can find an open neighborhood of the identity U in G such that µ( g∈U supp g) = 1 − δ for some δ > 0. We define a neighborhood of the identity U in [R G ] by
For the remaining implication (vii)⇒(iv), we first use Theorem 2.4 and fix a topology τ on X such that the action of G on (X, τ ) is continuous.
Let V be a neighborhood of the identity in G. We say that
Observe that if we prove that for every A ∈ MAlg(X, µ) there exists a uniformly small T ∈ [R G ] such that supp(T ) ⊂ A, then we would have that for every A ∈ MAlg(X, µ) we could construct a uniformly small T ∈ [R G ] such that supp(T ) = A by a maximality argument. And so condition (iv) would be satisfied.
So let us fix an open set B ⊇ A such that µ(B \ A) < µ(A) and an open neighborhood of the identity U ⊆ G such that U −1 = U and U 2 ⊆ V .
Claim. There exists a countable family (g i ) i∈N of elements of U and an a.e. partition (A i ) i∈N of A such that for all i ∈ N, g i (A i ) is a subset of B which is disjoint from A i .
Proof of the claim. Let (U n ) n∈N be a countable basis of open neighborhoods of the identity in G, and let S := n∈N g∈Un supp g.
By hypothesis, S has full measure. Moreover since the action is continuous, for all x ∈ S ∩ B there exists a g ∈ U such that g · x ∈ B and g · x = x. Always by continuity we can also find an open neighborhood W x ⊆ B of x such that g(W x ) and W x are disjoint. We can now define the partition {A n } to be a countable open subcover of (W x ) x∈S∩B which exists by Lindelöf's Theorem.
We now have two possible cases.
• If for some i ∈ N, g i (A i ) is not disjoint from A, then we set C := A i ∩g
x otherwise is uniformly small, non trivial, and supported in A.
• If for all i ∈ N, g i (A i ) is disjoint from A, then since µ(B \ A) < µ(A) and {A i } i is a partition of A, there exist two distinct indices i, j ∈ N such that g i (A i ) ∩ g j (A j ) has positive measure. Letting C := g
is uniformly small, non trivial, and supported in A.
Remark. Condition (vii) is always satisfied as soon as G is non discrete and acts essentially freely and is never satisfied for countable discrete groups. In fact, it easy to see that the aperiodic elements form a closed proper subset of full groups of countable pmp equivalence relations.
Corollary 4.5. Let G be a locally compact group acting ergodically and in a Borel measure-preserving manner on (X, µ). Then we have the following dichotomy:
(1) either R G is a countable pmp equivalence relation, (2) or the set of aperiodic elements is dense in [R G ].
Proof. Let {U n } n be a sequence of open neighborhoods of the identity in G such that ∩ n U n = {id}. We define the core of the action to be the intersection n∈N g∈Un supp g.
Note that the core is a Borel set by Theorem 2.4. Moreover the core is G-invariant because for all g, h ∈ G, h(supp g) = supp(hgh −1 ) and the conjugation by h is a continuous isomorphism of G. By ergodicity, either the core has measure one, in which case (2) holds by a direct application of condition (vii) of the previous theorem, or the core has measure zero.
So assume that the core has measure zero. Then it is easy to check that the G-action yields a uniformly continuous morphism G → (Aut(X, µ), d u ). By separability of the group G, we can conclude from Proposition 3.8 that [G] D is the full group of a countable pmp equivalence relation. Moreover G is locally compact, so we can apply Proposition 3.28 to deduce that the equivalence relation R G is countable up to a measure zero set, that is (1) holds.
Let us give a non-trivial example where condition (1) of the previous corollary is satisfied.
Example 4.6. Let (Γ n ) n∈N be a sequence of finite groups and let G := n∈N Γ n be their product. Let (X, µ) be a standard probability space, and fix a partition (A n ) of X such that each A n has positive measure. For every n ∈ N, we then fix a measure-preserving action α n of the finite group Γ n which is free when restricted to A n , and which is trivial outside of it.
We can now define an action of the group G on X by (γ n ) n · x = α m (γ m )x whenever x ∈ A m . This action is faithful and its core is trivial. Note also that we can embed in this way any profinite group into any ergodic full group G. It is in fact sufficient to take the actions α n such that α n (G n ) ⊂ G.
Proof. Fix a Polish group topology on i∈N G i , and for i ∈ N denote by π i the projection on G i . Let n ∈ N, set
Because each G i has trivial center, G ′ n is the commutator of H n := {g ∈ i∈N G i : π n (g) = e}, hence G ′ n is closed in i∈N G i . Since G n is isomorphic to G ′ n , the induced topology on G ′ n is the unique Polish group topology on G n . In particular, for every open subset U of G n , the set
Observe that H n is closed, since it is the commutator of G ′ n . So for any open subset U of G n , the setŨ
is analytic, which implies by Property 2.3 (γ) the uniqueness of the Polish topology of
A full group with countably many ergodic components is isomorphic to the product of the full groups of its restrictions to these ergodic components, so we can combine Theorem 4.7 (3) with the previous lemma to get the following corollary.
Corollary 4.11. Let G be a full group with countably many ergodic components. Then it carries at most one Polish group topology.
More (non) Borel full groups
In this section, we give more examples of Borel full groups, as well as examples of non Borel ones. But first, we need some background on the space of probability measures.
Let (Y, τ ) be a Polish space. We equip the space P(Y ) of probability measures on Y with the weak-* topology, that is, the coarsest topology making the maps
continuous for all bounded continuous functions f : Y → R. This is a Polish topology (see e.g. [Kec95, Sec. 17.E]).
Lemma 4.12. Let (X, µ) be a standard probability space, and (Y, τ ) be a Polish space. Then the following map
Proof. If a sequence (f n ) n converges to f in measure, then for almost every x ∈ X, we have that f n (x) → f (x). For every continuous and bounded function g : Y → R by Lebesgue Dominated Convergence Theorem we have,
and hence the map is continuous.
Proposition 4.13. The set of completely atomic probability measures of a Polish space Y is a Borel subset of P(Y ).
Proof. We first note that whenever U is an open subset of Y , then the set Atom(U) := {µ ∈ P (Y ) : there exists a ∈ U such that µ(U) = µ({a})} is closed in P (Y ). Indeed if µ / ∈ Atm(U), then there exist two positive functions f and g supported in U with disjoint supports such that X f dµ and X gdµ are strictly positive.
Let (U n ) n∈N be a countable basis of open subsets of Y . Let J be the set of finite subsets I ⊂ N such that (U i ) i∈I is a disjoint family of open sets. Since a measure µ is atomic if and only if for all ǫ > 0, there is an open set U of X of measure greater than 1 − ǫ containing finitely many atoms, the set of atomic measure is exactly
and so it is Borel.
Corollary 4.14. Let (X, µ) be a standard probability space and (Y, τ ) be a Polish space. Theorem 4.15. Let G be a Polish group acting in a Borel way by measure preserving transformations on a standard probability space (X, µ). Suppose that the action is essentially free, and let H G be a subgroup of G. Then the following are equivalent:
1. H is a Borel subgroup of G;
Proof. As we did for the proof of Theorem 3.17, we will consider the Polish space L 0 (X, µ, G), and we use the fact that the map Φ : 
and so 2 ⇒1 and 3 ⇒1. For the converse, first note that in [Moo76] . By Corollary 4.14, L 0 D (X, µ, G) is also a Borel subset of L 0 (X, µ, G) and the implications 1 ⇒2 and 1 ⇒3 hold because
Let us now point out two important consequences of the previous theorem. The first one is straightforward.
Corollary 4.16. Suppose that G is a Polish group acting essentially freely and in a measure preserving Borel way on (X, µ). The existence of such an H is a well-known consequence of the axiom of choice. Consider R as a Q-vector space, and letH be a hyperplane containing Q. The subgroup H :=H/Z R/Z = S 1 is a proper subgroup of S 1 with countable infinite index, which acts ergodically because it contains an irrational. Such a subgroup H can not be Lebesguemeasurable. Indeed, since S 1 is covered by countably many translates of H, H has non zero-measure. But then, H must have finite-index, a contradiction.
Character rigidity for full groups
In this section, we use a result of Dudko concerning characters of the full group of the tail equivalence relation R 0 to classify characters of ergodic full groups admitting a Polish group topology. Recall that R 0 is the countable pmp equivalence relation on X = {0, 1} N equipped with the product measure µ = (1/2δ 0 + 1/2δ 1 ) ⊗N , defined by (x n ) R 0 (y n ) ⇐⇒ ∃p ∈ N | ∀n p, x n = y n .
Theorem 5.1. For an ergodic Polish full group G we have the following dichotomy:
1. either G is the full group of a countable pmp equivalence relation, and all its continuous characters are (possibly infinite) convex combinations of the trivial character χ 0 ≡ 1 and the characters {χ k } k 1 given by χ k (g) := µ({x ∈ X : g · x = x}) k , 2. or G does not have any non trivial continuous character.
The result of Dudko that we use may be stated as follows. Our result will follow from the description of the uniformly continuous characters of any ergodic full group, which was also observed by Gaboriau and Medynets (private communication).
Proposition 5.3. Let G be an ergodic full group and let χ be a character of G, continuous for the uniform topology. Then there is a unique sequence of non negative coefficients (α k ) k 0 such that χ = +∞ k=0 α k χ k . Proof. It is a standard fact that up to conjugating, we may assume that [R 0 ] ⊂ G (for a proof in the general setting of ergodic full groups, see [LM14b, Thm. 2.19] ). Let χ be a character of G continuous for the uniform topology. By Theorem 5.2, there is a sequence of non negative coefficients (α k ) k 0 such that χ(g) = +∞ k=0 α k χ k (g) for all g ∈ [R 0 ]. By Rokhlin's Lemma, the set F of elements of finite order of G is uniformly dense in G. Since G is ergodic, every element of F is conjugate inside G to an element of [R 0 ]. By definition χ is conjugacy-invariant, so χ(g) = +∞ k=0 α k χ k (g) for all g ∈ F and hence for any g ∈ G by continuity.
Proof of theorem 5.1. Let G be an ergodic full group equipped with a Polish topology τ , and let χ be a τ -continuous non-trivial character of G. By Theorem 4.7, τ is weaker than the uniform topology. So the character χ is continuous for the uniform topology and, by the previous proposition, there exists a sequence of non negative coefficients (α k ) k 0 such that χ = +∞ k=0 α k χ k . For all T ∈ Aut(X, µ) and all k 1, we have χ k (T ) = (1 −d u (T, id X )) k , so χ k (T n ) → 1 if and only if d u (T n , id X ) → 0. Since χ is not the trivial character, we deduce that χ(T n ) → 1 if and only if d u (T n , id X ) → 0. When T n converges to id X for τ , we have χ(T n ) → 1, which implies that T n converges to id X in the uniform topology. We deduce that τ refines the uniform topology, hence they are equal. Since τ is Polish, we can conclude from Proposition 3.8 that G is the full group of a countable pmp equivalence relation.
Perspectives
Orbit full groups for locally compact unimodular groups
A forthcoming paper [CLM] will be devoted to the study of full groups associated to measure-preserving actions of Polish locally compact unimodular groups. The existence of discrete sections for such actions plays a crucial role in our work.
The first result is a locally compact version of [GP07, Thm. 5.7].
Theorem 6.1. Let G be a Polish locally compact unimodular group acting ergodically and essentially freely on a standard probability space (X, µ). Then the following assertions are equivalent.
(i) G is amenable.
(ii) [R G ] is extremely amenable.
Our second result is devoted to the topological rank 5 of such full groups. For these full groups the situation much tamer than in the discrete case, which was described in [LM14a] . Theorem 6.2. Let G be a non discrete Polish locally compact unimodular group acting ergodically and freely on a standard probability space (X, µ). Then [R G ] has topological rank 2.
Orbit full groups for non-archimedean Polish groups
Let us consider the Polish group S ∞ of permutations of N. The Bernoulli shift S ∞ [0, 1] N is an essentially free action, and it would be interesting to understand the orbit full groups given by the restriction of this action to closed subgroups of S ∞ . These groups are also called non-archimedean Polish groups and they are exactly the automorphism groups of countable structures (see [BK96, Thm. 1.5.1]). Some of their topological properties can be understood in terms of the model-theoretic properties of the corresponding countable structure (see e.g. [KPT05, KR07] ).
As a concrete example, the group Aut(Q, <) of order preserving bijections of the rationals is extremely amenable, as a consequence of Ramsey's theorem [Pes98] . Is the orbit full group associated to the Bernoulli shift Aut(Q, <)
[0, 1] Q extremely amenable?
